In this pedagogical note, the Kruskal -Szekeres completion of the Schwarzschild spacetime is obtained explicitly in a few steps.
A discussion of the Kruskal [1] -Szekeres [2] completion of the Schwarzschild spacetime is a cornerstone of any modern introduction to general relativity. In a previous note [3] I reviewed some history of these coordinates and showed how they can be obtained from Israel coordinates [4] and also from an integration of Einstein's equations. The purpose of the present note is to point out a very brief but direct and explicit derivation of the Kruskal -Szekeres completion. We use geometrical units and a signature of +2.
We start with the standard form of the Schwarzschild spacetime
where dΩ 2 2 is the metric of a unit two-sphere and m is a constant > 0. The radial null geodesic equations of (1) are
The solutions to (2) can be given as
and
Here L(x) is the Lambert W function [5] , defined by
and u and v label the radial null geodesics. Now at any two -sphere (u, v), where the branches of the radial null geodesics cross, Ψ 2 = Φ 2 and so from (5) and (6) we find
and so
(8) Now in taking the appropriate roots to (7) and (8) we must orientate the u−v axes. Noting that L(−1/e) = −1 and L(0) = 0 we take uv > 0 over the range 0 < r < 2m and so Ψ = Φ = − uv e . We have arrived at [7] 
where we have now written L ≡ L(−uv/e) and take exp(t/2m) = v/u for uv > 0 and exp(t/2m) = −v/u for uv < 0. This is the null form of the Kruskal -Szekeres completion. We convert our results into standard notation in the Appendix.
and documentation is distributed freely from the address http://grtensor.org APPENDIX Following, for example [8] , define
so that
Since
we have
the usual implicit relation for r. We now have [7] 
the usual form of the Kruskal -Szekeres metric. Finally, for uv > 0 we have v/u = exp(t/2m) and so
and for uv < 0 we have v/u = − exp(t/2m) and so
The usual procedure is to introduce (12), (14) and (15) as coordinate transformations to change (1) to (13). The purpose of this note is to point out that these seemingly mysterious coordinate transformations need never be introduced.
